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Abstract
A graph is said to be of class I if its chromatic index is equal to the maximum of degree of
this graph. In this paper we show that every k-degenerate graph with ¿ 2k is of class I; and
that every plane graph with = 6 and without 3, 4, or 5-cycles is of class I.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
In this paper, all graphs are simple and without loops. Given a (simple) graph G, let
NG(x) (or simply N (x)), dG(x) (or simply d(x)) denote the set of neighbors of x and
the degree of x in G, respectively, and let (G) (or simply ) denote the maximum
degree of G. We use e(G) and (G) to denote the chromatic index and chromatic
number of G respectively.
A planar graph is a graph which can be embedded in the plane in such a way that
no two edges intersect geometrically except at a vertex to which they are both incident.
If a connected graph G is embedded in the plane in this way, it is called a plane graph.
Let G=(V; E; F) be a plane graph, where V; E and F denote the sets of vertices, edges
and faces of G, respectively. A vertex v is called a k-vertex or k+-vertex if d(v)= k
or if d(v)¿k respectively. A face of a graph is said to be incident to all edges and
vertices on its boundary. Two faces sharing an edge e are called adjacent at e. The
degree of a face f of graph, denoted by d(f), is the number of edges incident with
it, where each cut-edge is counted twice. A k-face or a k+-face is a face of degree k
or of degree at least k respectively. A k-face of G is called an (i1; i2; : : : ; ik)-face if the
vertices of the boundary in a clockwise order are of degrees i1; i2; : : : ; ik respectively.
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Let G be a graph with maximum degree , G is said to be -critical if the chromatic
index of G is + 1, but chromatic index of every subgraph of G with one less edge
is . For other terminology not mentioned in this paper, the reader can refer to [1].
The following lemma (which is known as Vizing’s Adjacency Lemma) is frequently
used in this paper.
Lemma 1.1 (Vizing’s Adjacency Lemma). If G is a -critical graph and xy is an
edge of G, then x is adjacent to at least (− d(y) + 1) -vertices other than y.
We will use the following result in Section 3:
Theorem 1.1 (Fiorini [2]). Let G be a -critical graph with n vertices and  edges,
then
¿ 14n(+ 1), if  is odd,
and
¿ 14n(+ 2), if  is even.
We rewrite Euler’s formula |V (G)| − |E(G)|+ |F(G)|=2 for plane graph as
∑
v∈V
(2d(v)− 6) +
∑
f∈F
(d(f)− 6)=−12: (1)
In 1964, Vizing [4] showed that every graph either has chromatic index  (known
as a class I graph) or  + 1 (a class II graph). It is noted by Vizing [5] that if C4,
K4, the octahedron, and the icosahedron have one edge subdivided each, then Class
II planar graphs are produced for ∈{2; 3; 4; 5}. He also showed that if ¿8, then
a planar graph is always class I. His Planar Graph Conjecture is that every planar
graph with ¿6 is class I. In [3], Sanders and Zhao have conJrmed this conjecture
for =7. The =6 case remains open. In this paper we show that every k-degenerate
graph with ¿2k is of class I; and that every plane graph without 3, 4, or 5-cycles
is of class I.
2. k-degenerate graphs
A graph G is said to be k-degenerate, if every induced subgraph has a vertex of
degree at most k.
Theorem 2.1. Every k-degenerate graph with ¿2k is of class I.
Proof. Let G be a k-degenerate graph with ¿2k. Suppose on the contrary that G is
of class II. Since it is known that every graph of class II contains a -critical graph.
So, without loss of generality, we assume that G is -critical.
Let S be the set of vertices in G whose degrees are at most k, and let T be the set
of vertices whose degrees are at most k in G−S. Since ¿2k and G is k-degenerate,
S = ∅ and T = ∅. Let v be an arbitrary vertex in T , then by the deJnitions of S and
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T , there is a vertex w in S such that v and w are adjacent. By Vizing’s Adjacency
Lemma, v is adjacent to at least  − d(w) + 1¿k + 1 vertices whose degrees are ,
which is a contradiction.
Since every planar graph is 5-degenerate, we have
Corollary 2.1. Every plane graph with ¿10 is of class I.
And since a toroidal graph (a graph which can be embedded in the torus in such a
way that no two edges intersected geometrically except at a vertex to which they are
both incident) is 6-degenerate, we have
Corollary 2.2. Every toroidal graph with ¿12 is of class I.
A chordal graph is a graph without induced cycles of length greater than 3. A
characterization of this kind of graph by Fulkerson and Gross gives that it is ((G)−1)-
degenerate. So we have
Corollary 2.3. Every chordal graph with ¿2((G)− 1) is of class I.
3. Planar graphs of class I
Theorem 3.1. Let G be a 3-cycle free planar graph with =6. Then G is of class I.
Proof. Suppose on the contrary that G is of class II. Without loss of generality, we
assume that G is -critical. Let n;  be the number of vertices and edges of G re-
spectively. By Theorem 1.1, we have ¿2n; On the other hand, since G contains no
3-cycle, 4|F |6∑f∈F d(f)= 2, Combine this together with Euler’s Formula, we have
62n− 4, which is a contradiction.
Let G be a plane graph and let x∈V (G)∪F(G), we use Vk(x) (Vk+(x) resp.) to
denote the set of vertices of degree k (at least k resp.) which are adjacent to x. If
x∈F , we use Fk(x) to denote the set of k-faces incident to x.
Theorem 3.2. Every planar graph with =6 and without 4-cycles is of class I.
Proof. For each x∈V (G), deJne w(x)= 2d(x) − 6; and for each x∈F(G), deJne
w(x)=d(x) − 6. By (1), we have that ∑x∈V∪F w(x)=−12. We shall modify w to a
new w∗ according to the following rules:
R1. Every 6-vertex sends 1 to each of its adjacent 2-vertices, and sends 14 to each of
its adjacent 4-vertices.
R2. Let f be a 3-face, then
R2.1. If |V4+(f)|=2, then sends 32 from every vertex in V4+(f) to f.
R2.2. If |V4+(f)|=3, then sends 1 from every vertex in V4+(f) to f.
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R3. Let f be a 5-face, then
R3.1. If |V4+(f)|=3, then sends 13 from every vertex in V4+(f) to f.
R3.2. If |V4+(f)|=4, then sends 14 from every vertex in V4+(f) to f.
R3.3. If |V4+(f)|=5, then sends 15 from every vertex in V4+(f) to f.
Note that every 4+-vertex sends out at most 32 to each of its incident 4-faces, and
sends out at most 13 to each of its incident 5-faces.
Let x be a 3-face, then w(x)=−3. By Vizing’s Adjacency Lemma, we have that
|V4+(x)|¿2. Thus by R2, x receives at least 2 · 32 from V4+(x). So w∗(x)¿w(x)+3=0.
Let x be a 5-face, then w(x)=−1. By Vizing’s Adjacency Lemma, we have that
|V4+(x)¿3. Thus by R3, f receives at least 1 from V4+(x). So w∗(x)¿0.
Let x be a 6+-face, then w∗(x)=w(x)¿0.
Let x be a 2-vertex, then w(x)= 2. Since by Vizing’s Adjacency Lemma, x is adja-
cent to two 6-vertices. Thus by R1, w∗(x)=w(x) + 2 · 1=0.
Let x be a 3-vertex, then w∗(x)=w(x)= 0.
Let x be a 4-vertex, then w(x)= 2. By Vizing’s Adjacency Lemma, all the neighbors
of x are 4+-vertices. Since G contains no 4-cycle, x can be incident to at most two
3-faces. If x is incident to no 3-faces, then x is incident to at most four 5-cycles. Thus
by R3, w∗(x)¿w(x) − 4 · 13¿0; If x is incident to exactly one 3-face, then x can be
incident to at most three 5-faces. Thus by R2 and R3, w∗(x)¿w(x)−1−3 · 13 = 0; Now
assume that x is incident to exactly two 3-faces. By Vizing’s Adjacency Lemma, x is
adjacent to at least two 6-vertices, hence by R1, x receives at least 2 · 14 from its adjacent
6-vertices. On the other hand, if f is a 5-face incident to x, then |V2(f)∪V3(f)|61,
and so by R3, x sends out at most 14 to f. Therefore, w
∗(x)¿w(x) − 2 · 1 − 2 · 14 +
2 · 14 = 0.
Let x be a 5-vertex, then w(x)= 4. By Vizing’s Adjacency Lemma, x is adjacent to
at most one 3-vertex, and x is adjacent to at least two 6-vertices. Let s and t be the
number of 3-faces and 5-faces incident to x, then s62 and s + t65. So by R2 and
R3, w∗(x)¿w(x)− s · 32 − t · 13¿0.
Let x be a 6-vertex, then w(x)= 6. Since G contains no 4-cycle, |F3(x)|63.
If x is adjacent to a 2-vertex, then all the other neighbors of x are 6-vertices. Hence
if |F3(x)|62, then w∗(x)=w(x) − 1 − |F3(x)| · 32 − |F5(x)| · 13¿0. If |F3(x)|=3; then
x can be incident to at most one (2; 6; 6)-face, since G is simple. So w∗(x)¿w(x) −
1− 2 · 32 − 1− 3 · 13 = 0.
If |V3(x)| =0, then by Vizing’s Adjacency Lemma, |V3(x)|62. If |V3(x)|=1, then x
can be incident to at most one (3; 6; 5+)-face or one (3; 5+; 6)-face. So w∗(x)¿w(x)−
3
2 −2 · 1−3 · 13¿0. If |V3(x)|=2, then all the other neighbors of x are 6-vertices, since
x can be incident to at most two (3; 6; 6)-faces and one (6,6,6)-face. So w∗(x)¿w(x)−
2 · 32 − 1− 3 · 13¿0.
Now assume that all the neighbors of x are 4+-vertices. Hence x sends out 1 to
each of its incident 3-faces, at most 13 to each of its incident 5-faces, and
1
4 to each
of its adjacent 4-vertices. Let p; q; r be the number of 3-faces, 5-faces and 4-vertices
adjacent to x respectively. Then p + q66. Since G contains no 4-cycle, r63. By
Vizing’s Adjacency Lemma, p63. So we have w∗(x)¿w(x)−p · 1− q · 13 − r · 14¿0.
Therefore
∑
x∈V∪F w ∗ (x)¿0, which is a contradiction.
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Theorem 3.3. Let G be a planar graph with =6. If G contains no 5-cycle, then G
is of class I.
Proof. Suppose on the contrary that G is of class II. Without loss of generality, we
assume that G is -critical. For each x∈V (G), deJne w(x)= 2d(x)− 6; and for each
x∈F(G), deJne w(x)=d(x)−6. By (1), we have that ∑x∈V∪F w(x)=−12. We shall
modify w to a new w∗ according to the following rules:
R1. For each 6-vertex, sends 1 to each of its adjacent 2-vertex, sends 16 to each of its
adjacent 4-vertices.
R2. For each 6-vertex, sends 32 to each of its incident (2; 6; 6)-face.
R3. For each 6-vertex, sends 23 to each of its incident (2; 6; 6; 6)-face.
R4. For each 6-vertex, sends 1 to each of its incident (3; 6; 3; 6)-face.
R5. For each 5+-vertex, sends 32 to each of its incident (3; 5; 6)-face, (3; 6; 5)-face or
(3; 6; 6)-face.
R6. For each 5+-vertex, sends 23 to each of its incident (3; 4
+; 4+; 4+)-face.
R7. For each 4+-vertex, sends 1 to each of its incident (4+; 4+; 4+)-face.
R8. For each 4+-vertex, sends 12 to each of its incident (4
+; 4+; 4+; 4+)-face.
Note that each 4+-vertex sends out at most 32 to each of its incident 3-face, and
sends out at most 1 to each of its incident 4-face.
Let x be a 3-face, then w(x)=−3. Since by Vizing’s Adjacency Lemma, each
3-face must be one of the types (2; 6; 6), (3; 5; 6), (3; 6; 5), (3; 6; 6) and (4+; 4+; 4+)-
face. Thus by R2, R5 and R7, we have that w∗(x)¿0.
Let x be a 4-face, then w(x)=−2. Since by Vizing’s Adjacency Lemma, each 4-face
must be one of the types (2; 6; 6; 6), (3,6,3,6), (3; 4+; 4+; 4+) and (4+; 4+; 4+; 4+). Thus
by R3, R4, R6 and R8, we have that w∗(x)¿0.
Let x be a 6+-face, then w∗(x)=w(x)¿0.
Let x be a 2-vertex, then w(x)=−2. By Vizing’s Adjacency Lemma, x is adjacent
to two 6-vertices. Thus by R1, w∗(x)=w(x) + 2 · 1=0.
Let x be a 3-vertex, then w∗(x)=w(x)= 0.
Let x be a 4-vertex, then w(x)= 2. Since G contains no 5-cycle, x is incident to at
most two 3-faces.
Suppose Jrst that x is incident to no 3-faces, then x is incident to at most four
4-faces. Since by Vizing’s Adjacency Lemma, each 4-face must be one of the following
types: (2; 6; 6; 6), (3; 6; 3; 6), (3; 4+; 4+; 4+), (4+; 4+; 4+; 4+). Since x is a 4-vertex, x can
sends out at most 23 to each of its incident 4-faces. On the other hand, by Vizing’s
Adjacency Lemma, all the neighbors of x are 4+-vertices, and x can be adjacent to at
most one 4-vertex.
Case (i): x is adjacent to no 4-vertices.
Then all the neighbors of x is 6-vertices. So w∗(x)¿w(x)− 4 · 23 + 4 · 16=0.
Case (ii): x is adjacent to exactly one 4-vertex y.
If f is a 4-face incident to xy, then f must be a (4+; 4+; 4+; 4+)-face. So w∗(x)¿w
(x)− 2 · 23 − 2 · 12 + 3 · 16¿0.
Suppose next that x is incident to exactly one 3-face. Then x is incident to at most
one 4-face, since G contains no 5-cycle. Thus by R6 and R7, w∗(x)¿w(x)−1− 23¿0.
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If x is incident to exactly two 3-faces, then all the other faces incident to x are 6+-faces,
since otherwise there would be a 5-cycle. Thus by R7, w∗(c)¿w(x)− 2¿0.
Let x be a 5-vertex, then w(x)= 4. Since G contains no 5-cycle, x is incident to
at most three 3-faces. Let s and t be the number of 3-faces and 4-faces incident to
x respectively. If s=0, then t65, and thus by R6 and R8, we have w∗(x)¿w(x) −
t · 23¿0. If s=1, then t62, and thus w∗(x)¿w(x)− 32 − 2 · 1¿0. If s=2, then t61.
Thus w∗(x)¿w(x)−2 · 32 −1=0. If s=3, then t=0. Note that x can be incident to at
most one (3; 5; 6)-face or (3; 6; 5)-face. If x is incident to a (3; 5; 6)-face or a (3; 6; 5)-
face, then x can be send out at most 1 to each of the other 3-faces incident to x. So,
w∗(x)¿w(x) − 32 − 2 · 1¿0. If x is not incident to any (3; 5; 6)-face or (3; 6; 5)-face,
then w∗(x)¿w(x)− 3 · 1¿0.
Let x be a 6-vertex, then w(x)= 6. Since by Vizing’s Adjacency Lemma, x can be
adjacent to at most one 2-vertex. And since G contains no 5-cycle, x is incident to
at most four 3-faces. Let r; s and t be the number of 4-vertices, 3-faces and 4-faces
incident to x respectively. DeJne a function  as follows:  (x)= 1 if x is a 2-vertex;
and  (x)= r · 16 if x is not adjacent to a 2-vertex.
Case 1: s=0.
Then t66. Hence w∗(x)¿w(x)−  (x)− t · 23¿0.
Case 2: s=1.
Since G contains no 5-cycle, t63. Hence w∗(x)¿w(x)−  (x)− 32 − t · 1¿0.
Case 3: s=2.
Since G contains no 5-cycle, t62. Hence w∗(x)¿w(x)−  (x)− 2 · 32 − 2 · 1¿0.
Case 4: s=3.
Since G contains no 5-cycle, t61. Note that there are no 3-faces of types (3; 5; 6),
(3; 6; 5) and (3; 6; 6) incident to x. On the other hand, a 2-vertex can be incident to at
most one 3-face and one 4-face. So w∗(x)¿w(x)−  (x)− 32 − 2 · 1− 1¿0.
Case 5: s=4.
Since G contains no 5-cycle, t=0. Note that there are no 3-faces of types (3; 5; 6),
(3; 6; 5) and (3; 6; 6) incident to x. So w∗(x)¿w(x)−  (x)− 32 − 3 · 1¿0.
Therefore we have
∑
v∈V
(2d(v)− 6) +
∑
f∈F
(d(f)− 6)¿0 (2)
which is a contradiction to (1).
This completes the proof of this theorem.
Now by combining Theorems 3.1–3.3, we get that our main result
Theorem 3.4. Let G be a planar graph with =6. If G contains no 3-cycle, 4-cycle,
or 5-cycle, then G is of class I.
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